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The goal of a bandit agent

Maximize expected reward R

n(a) = P(A =a)

ve = E[R] = EJE[R|A]] = E,[g.(A))

Choose policy 7 that maximizes v,




The goal of an agent

Contextual Bandits

Maximize expected reward R for all state S

n(a|ls)=PA=alS =ys)

v(s)=E[R|S=s]=ELE[R|S =s,A]] = E_[g:(s,A)]

Choose policy 7 that maximizes
v, for all state S

MDPs

Maximize expected sum of discounted
future rewards R from all states S

Maximize expected return G from all states S
return: G, =R, |+ YR, + 7’th+3 + ...
=R +7G64
v,(s) = E |G, |S; = s]

Choose policy = that maximizes
v, for all state S




State-value functions w.r.t. action-value functions

Contextual Bandits MDPs
v (s)=E_[R|S = s] state-value y, (5) = F [G,|S, = s]
function:
= E [E[R|S = 5,A]]l = E [g:(s,A)] = EE[G,|S;,=s,All =E/[q,s,A)]
Law of the unconscious statistician: E[ g(X) ] = > P(X=x) g(x)
B Z P(A, = al§, = 5)g«(s, a) ~ 2 PA,; = al5; = 5)q,(s, a)
= ) n(a|s)qu(s, a) = ) n(a|$)q,s,a)

action-value _ B B
function: qﬂ(s’ a) = EAlG, | 5 =s5,A,=dl




The Bellman equation for v,
return: G, = Ry + 16y

state-value

function: V;z(S) — Eﬂ[Gz ‘ St = 5] = Z ﬂ(d ‘ S) ZP(S’, r \ S, CZ)[I” + }/Vﬂ(S')]; for all s

ij'(S) — E]Z'[Gl' | 5, = 5] = E_|L_ [Gt‘St =S, At]

— Zﬂ(a\s)E,, [Gt‘S; = 5,4, = a]

— Z n(a|s)E, | E, [Rt+1 YGiy1 S =5, 4, =a, R, SZ+1]

— Z r(a|s) ZP(S/a rls, a)k, [Rt+1 + 7G4y ‘St =5,A, = a, Ry =154 = S/]

— Z n(als) Zp(s’, rls,a)lr+yv(s)]




Optimal policies & values

Optimal

state-value  v.(s) = E_[G,|S, = s] = maxv_(s), Vs
function: T

Optimal
action-value ¢+(S, @) = Eﬂ*[G; | St = SaA,; = a] = max qﬂ(S, a),Vs,a
T

function:

Vi(s) = Z m(als)g«(s,a) = maxg.(s,a)

a

An optimal policy: 7:(a|s) = 1 If a = argmax g.(s,b), 0 otherwise
b

where arg max Is arg max With ties broken in a fixed way




Bellman optimality equations

vi(s) = E_[G,|S, = s] = 2 «(als) Zp(s’, rls,a)[r + yv«(s)]

= max Zp(s’, r|s,a)lr + yv«(s’)]

s'.r




Writing action-value functions wrt state-value functions
q.(s,a) =E_[G,|S, =s5,A, =]

=FE_|E, [Rr+1 +7G, |5, =5,A, = S,RH_I,SH_I]

T

~ ZP(S’, rls,a)E, [Rt+1 +7G |5 =85A=8Ry =154 = S]

s'r
— ZP(S’,I/"S, CZ) _l"+}/Eﬂ [Gt+1 ‘St+1 — S]_
s',r _ _

— Zp(s’, rls,a) [r + }/V,,(S')]

— Z p(s’,rls,a) [r + }/2 r(a | $)q.(S, a)] The Bellman equation for g,
s',r a




Bellman equation with expected reward

v(s) = ) m(als) ) pls',rls, a)lr+yv(s)]

Zﬂ(a\s)Zp(S',r\Sad)'” = Zn(a\s)ZrZP(Sm =S Rip =715 =5,4,=a)
= ) n(als) Y rP(R,, =r|S,=s.A,=a)
= Zﬂ(a\s)E[RtH\St =s5,A, = al
= Z n(a|s)r(s, a)

Therefore, v_(s) = Z w(als)|r(s,a)+ yz p(s’|s, a)v (s')




