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The goal of a bandit agent

Maximize expected reward R

vπ = Eπ[R] = Eπ[E[R |A]] = Eπ[q*(A)]

π(a) = P(A = a)

Choose policy 𝜋 that maximizes v𝜋



The goal of an agent

Maximize expected reward R for all state S

vπ(s) = Eπ[R |S = s] = Eπ[E[R |S = s, A]] = Eπ[q*(s, A)]

π(a |s) = P(A = a |S = s)

Choose policy 𝜋 that maximizes  
v𝜋 for all state S

Maximize expected sum of discounted  
future rewards R from all states S

Maximize expected return G from all states S

= Rt+1 + γGt+1

Gt = Rt+1 + γRt+2 + γ2Rt+3 + ⋯return:

Choose policy 𝜋 that maximizes  
v𝜋 for all state S

vπ(s) = Eπ[Gt |St = s]

Contextual Bandits MDPs



State-value functions w.r.t. action-value functions

vπ(s) = Eπ[Gt |St = s]

= Eπ[Eπ[Gt |St = s, At]]

vπ(s) = Eπ[R |S = s]

= Eπ[E[R |S = s, A]] = Eπ[q*(s, A)] = Eπ[qπ(s, At)]

Contextual Bandits MDPs

= ∑
a

P(At = a |St = s)qπ(s, a)

Law of the unconscious statistician: E[ g(X) ] = ∑ P(X=x) g(x) 

= ∑
a

π(a |s)qπ(s, a)

= ∑
a

P(At = a |St = s)q*(s, a)

= ∑
a

π(a |s)q*(s, a)

qπ(s, a) = Eπ[Gt |St = s, At = a]action-value 
function:

state-value 
function:



The Bellman equation for v𝜋

vπ(s) = Eπ[Gt |St = s] = ∑
a

π(a |s)∑
s′�,r

p(s′�, r |s, a)[r + γvπ(s′�)];  for all sstate-value 
function:

vπ(s) = Eπ[Gt |St = s]

return: Gt = Rt+1 + γGt+1

= Eπ [Eπ [Gt |St = s, At]]
= ∑

a

π(a |s)Eπ [Gt |St = s, At = a]

= ∑
a

π(a |s)Eπ [Eπ [Rt+1 + γGt+1 |St = s, At = a, Rt+1, St+1]]
= ∑

a

π(a |s)∑
s′�,r

p(s′�, r |s, a)Eπ [Rt+1 + γGt+1 |St = s, At = a, Rt+1 = r, St+1 = s′�]

= ∑
a

π(a |s)∑
s′�,r

p(s′�, r |s, a)[r + γEπ [Gt+1 |St+1 = s′�]]
= ∑

a

π(a |s)∑
s′�,r

p(s′�, r |s, a)[r + γvπ(s′�)]



Optimal policies & values

q*(s, a) = Eπ*
[Gt |St = s, At = a] = max

π
qπ(s, a), ∀s, a

v*(s) = Eπ*
[Gt |St = s] = max

π
vπ(s), ∀s

Optimal 
state-value 

function:

Optimal 
action-value 

function:

v*(s) = ∑
a

π*(a |s)q*(s, a) = max
a

q*(s, a)

π*(a |s) = 1 if a = ¯arg max
b

q*(s, b), 0 otherwiseAn optimal policy:

where  ¯arg max  is  arg max  with ties broken in a fixed way



Bellman optimality equations

v*(s) = Eπ*
[Gt |St = s] = ∑

a

π*(a |s)∑
s′�,r

p(s′�, r |s, a)[r + γv*(s′�)]

= max
a ∑

s′ �,r

p(s′�, r |s, a)[r + γv*(s′�)]



Writing action-value functions wrt state-value functions

qπ(s, a) = Eπ[Gt |St = s, At = s]

= Eπ [Eπ [Rt+1 + γGt+1 |St = s, At = s, Rt+1, St+1]]
= ∑

s′�,r

p(s′�, r |s, a)Eπ [Rt+1 + γGt+1 |St = s, At = s, Rt+1 = r, St+1 = s]

= ∑
s′�,r

p(s′�, r |s, a)[r + γEπ [Gt+1 |St+1 = s]]
= ∑

s′�,r

p(s′�, r |s, a)[r + γvπ(s′�)]

= ∑
s′�,r

p(s′�, r |s, a)[r + γ∑
a

π(a |s)qπ(s, a)] The Bellman equation for q𝜋



Bellman equation with expected reward

vπ(s) = ∑
a

π(a |s)∑
s′ �,r

p(s′�, r |s, a)[r + γvπ(s′�)]

∑
a

π(a |s)∑
s′�,r

p(s′�, r |s, a)r = ∑
a

π(a |s)∑
r

r∑
s′ �

P(St+1 = s′�, Rt+1 = r |St = s, At = a)

= ∑
a

π(a |s)E[Rt+1 |St = s, At = a]

= ∑
a

π(a |s)∑
r

rP(Rt+1 = r |St = s, At = a)

= ∑
a

π(a |s)r(s, a)

Therefore, vπ(s) = ∑
a

π(a |s)[r(s, a) + γ∑
s′�

p(s′�|s, a)vπ(s′�)]


